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Abstract. In this article we prove that stochastic differential equation (SDE) with Sobolev drift 
on compact Riemannian manifold admits a unique v-almost everywhere stochastic invertible 
flow, where v is the Riemannian measure, which is quasi-invariant with respect to v. In particular, 
we extend the well known DiPerna-Lions flows of ODEs to SDEs on Riemannian manifold. 



1. Introduction 



Ph . Let M be a connected and compact C^-manifold of dimension d. Consider the following 

'^ ' Stratonovich's stochastic differential equation (SDE) on M: 



dxt = Xo(xt)dt + Xk(xt) o dWf, Xq = x, (1.1) 



where X,, / = 0, ■ • ■ , m are m + 1 -vector fields on M, and {Wt)t^o is the m-dimensional standard 
Brownian motion on the classical Wiener space (Q.,'F,P;(T't)t>Q), !•£•, ^ is the space of all 
continuous functions from R+ to R™ with locally uniform convergence topology, T is the Borel 

^ . cr-field, P is the Wiener measure, ('Ft)tM) is the natural filtration generated by the coordinate 

00 '. process Wt{co) = co{t). Here and below, we use the following convention: if an index appears 

^ I twice in a product, it will be summed. 

For solving SDE (11.11 ). there are usually two ways: One way is to first construct the solutions 
in local coordinates and then patches up them (cf. [8]). Another way is that one embeds M into 

O ! some Euclidean space, obtains a solution in this larger space, and then proves that the solution 

will actually stay in M if the starting point jc is in M (cf. [7J). Both of these arguments require 
that Xk, k = 0,- ■ ■ , m are smooth (at least C^) vector fields. 

K^ , In the case of flat Euclidean space, a celebrated theory established by DiPerna and Lions flU 

H i says that when Xq only has Sobolev regularity and bounded divergence, ODE 

dxt = XQ{xt)dt, Xo = X 

defines a unique regular Lagrangian flow in the sense of Lebesgue measure. Their proofs are 
based on a new notion called renormalized solution for the associated transport equation: 

dtU + Xqu = d,u + X'^diU = 0, u\,=q = Uq, 

where X'^ is the component of vector field Xq under natural frames. For the DiPema- Lions flow 
on compact Riemannian manifold, Dumas, Golse and Lochak [6] gave an outline for the proof. 
Recently, we have extended DiPema-Lions' flow to the case of SDEs in [16|. Therein, we 
followed the direct argument of Crippa and De Lellis [4J. It is worth pointing out that we can not 
use the original method of DiPema and Lions to study the SDEs with Sobolev drifts because the 
associated stochastic partial differential equation is always degenerate (cf. [|T6l ). On the other 
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hand, when we consider the corresponding SDEs with Sobolev drifts on Riemannian manifold, 
it seems that we can not use the localizing and patching method as well as the embedding 
method since Xq is not smooth and the solution is only defined for almost all starting points. 
In order to extend the result in [[T6ll to Riemannian manifold, we shall directly use the intrinsic 
Riemannian distance as in [fT3l . For this aim, we have to make a detailed analysis for the 
distance function associated with the Riemannian metric. 

This paper is organized as follows: in Section 2, we give the notion of v-almost everywhere 
stochastic flow of SDE (11.11 ) and state our main result. In Section 3, we analyze the distance 
function on Riemannian manifold and give some necessary preliminaries. In Section 4, we 
prove our main result as in flU and [fT6l by using the Hardy-Littlewood maximal function on 
Riemannian manifold. 

2. Main Result 

Let {M, g) be a connected and compact C°° Riemannian manifold of J-dimension, where g 
denotes the Riemannian metric, a symmetric, positively definite, and second order covariant 
tensor field on M. Let v(dx) be the Riemannian measure, and V the Levi-Civita connection 
associated with g. We also use V to denote the gradient operator. The divergence operator 
denoted by div is the dual operator of V with respect to v. Let TM be the tangent bundle. For 
any x e M, the length of a vector X 6 Tj,M is denoted by \X\j, := y/Qj,{X,X). Letting 7" be a 
measurable transformation of M, we use v o 7" to denote the image measure of v under 7", i.e., 
for any nonnegative measurable function /, 



fix)yoTidx)= fiTix))v(dx). 

Jm 

By V o 7" <sc V, we mean that v o 7" is absolutely continuous with respect to v. 

We first introduce the following notion of v-almost everywhere stochastic (invertible) flows 

(cf. [nn m m). 

Definition 2.1. Let Xt{a), x) be an M-valued measurable stochastic field onR^xQxM. We say 
Xt{x) a v-almost everywhere stochastic flow o/ di.il) corresponding to vector fields (X^)^=o... „, 

if 

(A) For v-almost all x e W', 1 1-^ Xt(x) is a continuous and ('Ft)-adapted stochastic process and, 
satisfies that for any T > and f e C°°{M), 

f(x,ix))=f{x)+ [ Xof(x,,{x))ds + [ Xtf{xXx))odWl \/t>0. 



JO JO 

(B) For any ? > and P-almost all co e Q, v o Xt(co, •) «c v. Moreover, for any T > 0, there 
exists a constant Kt,Xo,Xi, > such that for all nonnegative measurable function f on M, 

sup E r f(xr(x))v(dx) < Kt,XoA f /(^)v(dx). (2.1) 

(£[0,7] JM JM 

We say Xt(x) a v-almost everywhere stochastic invertible flow of U.l\) corresponding to vector 
fields (Xi,)i,=Q...,n if in addition to the above (A) and (B), 

(C) For any t > and P-almost all co e Q, there exists a measurable inverse xJ^{co, ■) of Xt{co, ■) 
so that V o x'^^{co, ■) = pt(oj, ■)v, where the density pt(x) is given by 



f divXo(jc,(jc))d5 + j divXkix.ix)) o dW'^A 



A(x):=exp divXofc(x))d5 + divXkix,ix)) o dW'A . (2.2) 



Remark 2.2. In the above definitions, we have already assumed that all the integrals make 
sense. In particular, the above property (C) guarantees the quasi invariance of the flow trans- 
formation X 1-^ Xt{x) with respect to the Riemannian volume. 

For ^ 6 N U {oo}, let C''{TM) be the set of all /:-order smooth vector fields on M. For p ^ 1 
and X 6 C"(rM), we define 

||X|L:=| I \X\Pvidx)\ 



■■={[ \X\':^ 



and 

\\X\\up:=\\X\\, + (J\VXf^v(dx)\ . 

Let LP{TM) and e^(rM) be the completions of C^iTM) with respect to || • \\p and || • ||i,p 
respectively. We also use L°°{TM) to denote the set of all bounded measurable vector fields. 

The following two propositions are direct consequences of Definition 12.11 whose proofs can 
be found in [.16.1 . 

Proposition 2.3. Assume that SDE Hl.U admits a unique v-almost everywhere stochastic flow. 
Then the following flow property holds: for any 5 > and {P X v)-almost all {co, x) e Q.X M, 

Xt+s{<^, X) = Xt(9sC0, Xs{co, x)), 'it > 0, 

where 9sOJ := co{s + ■) - co{s). Moreover, for any bounded measurable function f on M, deflne 

Trf(x) := Ef(x,(x)X 

then for any t,s ^ 

E(f(x,^,(x))\r,) = %f{xAx)), (Pxv)- a.e. 
In particular, (Tt)t^o forms a bounded linear operator semigroup on LP {M) for any p > I. 

Proposition 2.4. Assume that Xq e U°{TM) with divXo 6 L\M) and Xu 6 C^iTM), k = 
1 , ■ • ■ , m. Let Xt{x) be a v-almost everywhere stochastic invertible flow of di.il) in the sense of 
Definition \2.1\ Let uq 6 L^{M) and set Ut{x) := uq{x'^^{x)). Then Ut{x) solves the following 
stochastic transport equation in the distributional sense: 

dM = -Xoudt - X^u o dWf . 

In particular, Ut{x) := Eu^iyr^^ {xj) is a distributional solution of the following second order 
parabolic differential equation: 



dfU = -- y Xlu - Xqu. 



2 . 
Our main result in the present paper is: 

Theorem 2.5. Assume thatXo 6 If^{TM) n L°°{TM)for some p > \, satisfies 

divZo G L°°{M), 

and for each k = 1,- ■ ■ ,m, X^ e C^{TM). Then there exists a unique v-almost everywhere 
stochastic invertible flows {xt{x), x e M}t^Q of SDE U.U in the sense ofDefinition \2.1\ 
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3. Preliminaries 

3.1. Distance Function. We need the following simple lemma. 

Lemma 3.1. Let (M, d) be a compact metric space. Let E = {Ua,a 6 A} be a finite open 
covering of M. Then there exists a positive number g such that for any x,y e M, ifd(x, y) < g, 
then X, y must lies in some Ua simultaneously. 

Proof. We use the contradiction method. Suppose that for any n 6 N, there exists x„,y„ € M 
with d{Xn,yn) < \ such that 

x„,y„ do not belong to any Ua &^ simultaneously. (3.1) 

By the compactness of M, there is a subsequence nk and z & M such that 

lim d{Xn, ,z) = 0, lim d(j„, , z) = 0. 

i— joo k—>oo 

Since z belongs to some open set U^ e E, for k large enough, x„j and yn,, must lies in U^, which 
is contrary to (13.11 ). The proof is complete. n 

Using this lemma, we have the following property about the distance function d(-, •) on M, 
which will be our localizing basis below. 

Lemma 3.2. Let M be a compact Riemannian manifold. Then, there are a finite covering 
{(Ua, <Pa', ^a))aeA of M by normal coordinate neighborhoods, and positive constants g,Ae(0,\) 
such that 

(1°) For any x,y e M with d(x,y) < g, x,y must be in some Ua simultaneously, and there is a 

unique minimizing geodesic connecting x and y in Ua. 
(2°) In local coordinate {(Ua, (fa', ^fj, for any x,y e Ua, 

^ ■ \<Pa(x) - (Pa(y)\ < d(x,y) < A~^ ■ \(Pa(x) - (Pa(y)\, 

where \ ■ \ denotes the Euclidean metric in (Pa(Ua) c R''. Moreover, 

AI < (g^j) < A~'I, 

where g'^'j := Q(d^^,d^j). 
(3°) For any Ua, the restriction ofd^(-, •) to Ua x Ua belongs to C°°(Ua x Ua). 

Proof. For each a e M, there is a normal coordinate neighborhood (Ua, (fa) of a such that any 
two points in Ua can be joined by a unique minimizing geodesic lying in Ua, and d^(-, •) 6 
C°°(Ua X Ua) (see E p. 166, Theorem 3.6]). Moreover, there is a constant Aa such that for all 
x,yeUa(soomp.n5]), 

A~^\(Pa(x) - (Pa(y)\ < d(x,y) < Aa\(Pa(x) - (Pa(y)\ 

and 

A:,'I < (4.) < AaL 
The results now follow by the compactness of M and Lemma [3TT1 n 

In the following, we shall fix the E := {(Ua,(Pa',^a)}aeA and g,A in this lemma as well as a 
unit partition (iffa)aeA subordinate to E, i.e., 

(A. 6 ^"(M; [0, 1]), supp((Aa) c [/„, _^^,= 1. (3.2) 



aeA 



Given two points x,y e M with d(x, y) < g, let 



{y(s), se [0,to], to := d(x,y)} 
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with 

7(0) = x, yito)=y 
be the unique minimizing geodesic connecting x and y. We use / /l^^ to denote the parallel 
transport from x to y along the geodesic y, i.e., / /J,^x establishes an isomorphism between 
tangent spaces T^M and TyM. For a vector field X and a smooth function /, we write 

Q,,(X,Vf) = X{x)f = [Xf](x). 

Lemma 3.3. For x e M and a vector X e T^M, we have 

QAX,Vd{;y)) = -g,(//]:^,X,Vd(x,-)). 

Proof. By a corollary to Gaussian Lemma (see e.g. [[T2l Corollary 6.9]), we have 

UX,Vd(;y)) = g.(X,r(0)) = -g,(//3V.X,r(?o)) 

= -Qy(//;^,X,Vd(X,-)). 

n 

3.2. Local maximal function on Riemannian manifold M. Convention: For two expressions 
A and B, the notation A < B means that A < C • 5, where C > is an unimportant constant and 
may change in different occasions. We assume that the reader can see the dependence of C on 
the parameters from the context. 

For a nonnegative function / 6 V{M) and R> 0, the local maximal function AIr/ is defined 
by 

Mr/(x) := sup — i— r f{y)v{dy), 

re{0,R) V{Or{X)) Jb,(x) 

where B^ix) := {y e M : d(x,y) < r}. Similarly, for a function h e Lj^^{W'), we define the local 
maximal function MrH in Euclidean space R'^ by 

MrK^) := sup ^— - I h(ri)dri, 

re{0,R) \Br{^)\ Jb,{^) 

where 5,-(^) := {rj e W' : \7] - ^\ < r} and |5,-(^)| denotes the volume of ball B,-{^) with respect to 
the Lebesgue measure. 
We have 

Lemma 3.4. Let f be a measurable function on M with V/ G L^{TM). Then, there exists a 
v-null set N such that for all x,y iN with d{x, y) < A^g, 

\f(x) - f(y)\ < d(x,y) ■ (M,\Vf\(x) + M,\Vf\(y)), 

where A and g are from Lemma 13.21 

Proof Since d{x,y) < g, by (1") of Lemma [X2] we only need to prove the lemma in local 
coordinate (U, (p; ^*^) e S. It is well known that there is a Lebesgue-nuU set Q such that for all 
^,T] e (p{U) \ Q with \^ -t]\ < Ag (cf. [4^, Appendix]), 

1/ o ^-i(^) - / o ^-1(77)1 ^ 1^ - 77i ■ (M,,mf o ^-i)i(^) + M,,mf o ^-^)i(77)). 

Noting that by (2") of Lemma IX2l 

(p{B,r(x)) c BMx)) c (p(B^Mx)) 
and 

A'^MbUx)) < IBrifixn < A-^'Mb.-^Xx)), 
we thus have 

At,,|V(/ o ^-i)l(^) < M,|V/|(^-i(^)). 



The result now follows. □ 

The following result can be proved along the same lines as in [[T4l p. 5 Theorem 1]. 

Lemma 3.5. Let f e LP(M)for some p > I, then 

WMRfWp < WfWp. (3.3) 

3.3. Two estimates about vector fields. 

Lemma 3.6. Let X 6 ^\{TM) be a Sobolev vector field. Then there exists a v-null set N such 
that for all x,y ^ N with d(x, y) < A^g, 

\X(x)d\;y) + X(y)d\x, •)! < d\x,y) ■ (1 + M,\XU{x) + M,\XU(y)X (3.4) 

where |X|i(jc) := \X\x + |VX|;c. «"^ the constant in < is independent of X. In particular, if 
X 6 C\TM), then 

\X(x)d\;y) + X{y)d\x, •)! < d\x,y) ■ (l sup \Xhix) + l). (3.5) 

xeM 

Proof By Lemma [33l we have 

\X{x)dH; y) + X(y)dHx, Ol = 2d(x, y) ■ \Qy(X(y) - //J^,X(x), Vd(x, •))! 

< 2d(x,y)-\X(y)-//J,^Mx)\y. 

Thus, it is enough to prove that there exists a v-null set A^ such that for all x,y i N with 
d(x,y) <A^g, 

\X(y) - iry^Mx)\y < d{x,y) ■ (1 + M,\XU{x) + M,\X\,{y)). 

Since d{x,y) < A^g, we only need to prove it in a local coordinate {U,(f\^^) e 2. In local 
coordinate (U, (p; ^'^), we may write 

X(x)\u = X\x)d^, 

and 

VX{x)\u = (d^.X' + Xr),)d^' ® 5^*, 

where F^^. = Q(Va .d^i,d^k) are Christoffel symbols. By Lemma [341 there exists a v-null set A'^ 
such that for a\\x,y ^ U \N with d{x, y) < A^g, 

\X'(x) - X'(y)\ < d(x, y) ■ (M,\VX'\(x) + M,\VX'\(y)) 

< dix,y)-{M,\Xh(x) + M,\Xh(y)). (3.6) 

Let to := d(x,y), and {Y^^, s e[0,to],k = I,- ■ ■ ,d} be the unique solution to ODEs 

"df + Z rf/r(*)) • Yl ■ ri = O' y', = x'ix), k=i,---,d. 
'J 

Then / /J.^^X(x) = Y^^ ■ d^k. From this equation, one easily finds that 

\Yl - X\x)\ = |yj - Y^\ < to = d(x,y). (3.7) 

Hence, by (2") of Lemma[3;2l 

\X(y)-/ry^Mx)\y = (iX'(y)-Y^J-iXJ(y)-Yl)-g,j(y)f" 

d 



Ux'{y)-Yl\ 



k=\ 

6 



< J](\X'(y)-X'(x)\ + \X'ix)-Yl\) 
k=\ 

< A{x,y) ■ {\ + M,\X\,{x) + M,\X\,{y)), 

where the last step is due to (13.61) and (13.71) . The proof is finished. D 

Lemma 3.7. Let X be a C^ -vector field on M. Then for any x,y e M with d(x,y) < g, 

\{X^di\,{x,y) + {X^di\2{x,y) + {X^di\,{x,y) + {X^di\2{x,y)\ < di\x,y), (3.8) 

where {X^di^)u{x,y) = X{y)X{x)d^{x,y) and similarly for others, and the constant in < may 
depend on X. 

Proof. First of all, we have 

{X^di\,{x,y) = Xa,{X,Vdi\;y)){x) = Q,C^xX,Vd\,y)) + g,(X, V^Vd^C-,);)) 

and 

(X^d\2(x,y) = Xq(X, VdHx, ■))(y) = Qy(VxX, Vd\x, •)) + Qy(X, V^Vd'Cx, •)), 
where the second equality is due to the property of the Levi-Civia connection. 
By Lemma [331 we also have 

(X^d\2(x,y) = XQAX,VdH;y))(y) = -XQ{/r^,,X,Vd\x,-))(y) 

= -QyC^xU/'^,X), Vd\x, •)) - gv(//^.X Vx^dHx, •)) 



and 



Thus, 



(XH\,(x,y) = XQy(X,VdHx,-))(x) = -XQ{/r^yX,Vd\,y))(x) 

= -gx(Vx(//^,X), Vd\;y)) - U/i'^yX, VxydH;y)). 



(XH\i{x,y) + (XH\2(x,y) + (XH\i(x,y) + (XH\2(x,y) = 1 + 11 + III, 
where 

I := Q,iVxX,VdH;y)) + Qy(VxX,VdHx,-)) 

= Q.iVxX - //^,VxX, Vd'(-, y)\ 
n := -g,(Vx(//^,X),Vd2(-,y))-g,(V;,(//^,X),Vd2(x,-)) 

= g.(//Ly(Vz(//^.X)) - VxillVyX), Vd\;y)), 
III := g,(X,VxVd2(-,3;)) + g,(X,VxVd2(x,-)) 

-^AllVyX, ^x^d\;y)) - g,(//^.vX, ^x^d\x, •)) 
= gx(X - Ill^yX, VxVd\;y) - lll^y^x^d\x, •)). 
Now, in a local coordinate (t/, ip\ ^*) 6 2, set for A; = 1, • • • ,d 

Z\{x,y) := {Vx{UV.X{x)))\y\ 
Zl{x,y) := (VxVd\;y)fyx). 
It is easy to see that Zj and Z^ are C^ functions onU x U. Hence, 

\Zlix,y)-Z'^(y,x)\ < d(x,y), 
\Z'^(x,y)-Z'Ay,x)\ < dix,y). 
As in the proof of Lemma [X6l one has 

l//Lv(Vx(//^.^)) - Vx(//^3,X)L < dix,y) 

7 



and 

\VxVd\;y) - //l^yiVxVdHx, •))!. < d{x,y). 
Combining (|3.5I) and the above estimates, we obtain the desired result. n 

3.4. Mollifying a non-smooth vector field. For any measurable vector field X e TM, recalling 



(13.21) . we may write 

a a a 

where X^ : [/„ ^ R is the coordinate component of X in local coordinate {Ua,(Po', ^a)- 
Let ^ be a nonnegative smooth function on R'' with support in {^ 6 R'' : |^| < 1} and 

Set 4(^) := n''^(n^) and define 

K,n(^) ■■= (K ° V~a' * 4) °<Pa:= f X^ o ^i\^) • ^„(v.(^) - ^d^ (3.9) 

and 

X„:=Y,^XAi- (3-10) 

a 

Then it is clear that X„ e C^iTM). 

Remark 3.8. In general, the restriction ofX„ to Ua does not equal to X'^^^d^k^ since for a i^ fi, 
the following compatibility is not true any more: 

We have the following proposition. 
Proposition 3.9. Let X e M'^^(TM)for some p > I and X„ be defined by di.iOl) . Then 

\im\\X-X„\U„ = 0. 

n—>co 

Moreover, ifX e U°{TM) satisfies [divX]~ 6 L°°{M), then for some constant C > independent 
ofn andX, 

||[divX„]-|L~(M) < C(||[divZ]-|L~(M) + \\X\\L«iTM)). (3.11) 

Proof First of all, by (2") of Lemma IX2l we have 

lim||X-X„||^ < \imyf,frP[(Xl-XlXXi-XiMjr'Mdx) 

< ClimV r \Xlo^-'-X'^o<p-J*^Xd^ = 0. 
Similarly, one has 



lim||V(X-X„)||^ = 0. 

Moreover, noting that 

divX\u„=XlY[, + d^.Xl 

we have 

ll[%^^]"llL"(f/„) < ll[clivX]-|L»(M) + CWXh^^TM). 



Thus, by (13.91 ) we have 

II i—i ^ 5ff . . * / \\ij^{M) 

a 

a 

< C(||[divX]-|L»(M) + \\Xh-(TM)). 

The proof is complete. □ 

4. Proof of Main Result 

We first prove the following key estimation. 

Lemma 4.1. Let Xt(x) and Xt(x) be two v-almost everywhere stochastic flows of <\1.1\) corre- 
sponding to (Xo, Xk,k= 1 , • ■ • , m) and {Xq, X^, k = 1 , ■ • ■ , m), where 

Xq, Xo 6 Hf (rM)/or some p > I and X^ e C^iTM), k=l,--- ,m. 

Then for any 6 > 0, 



JM \ 



m^,^.Qj.A^{xt{x),Xt{x)) 

— -^ ^' 



v(d;t)<C, + %||X„-X„||,, 





where Ci = C • (1 + i^r,Xo,x, + ^r,XoA)(l + li^olli.p) and C2 = C ■ Kj-x^^,- Here, Kt,XoA is from 
A2.1\) and the constant C is independent of 6 and Xq, Xq. 

Proof. Below, let;^ : R^ ^ R^ be a smooth function satisfying 

X(r) = r, re [0, A'g'-/4]; x(r) = AV2, r e [A'g\ ex,). 

We define 

f(x,y):=xidHx,y)). 



Then by Lemma[32l / 6 C^iM x M) satisfies 

f(x,y)<dHx,y)<C,jfix,y). 
For the simplicity of notations, we write Ztix) := (xt{x), Xt(x)). By Ito's formula, we have 

/fcW) = f[(Xof)i+(Xof)2](Zs(x))ds+ f[(X,f)r+{X,f)2Kzs(x))odW', 
Jo Jo 

= r [(^o/)i + (Xof)2](zAx))ds + f [(X,/)i + iXJ)2](zs(x))dW', 
Jo Jo 

+1 J [iXlf)n + iXlf)2i + {Xlf)n + (Xlf)22](Zs(x))ds, 

where {Xof)i(x,y) = Xo{x)f{-,y) and similarly for others. Using Ito's formula again, we further 
have 



, (/fcW) + l\ = r iiXof)i+(Xof)2](Zs(x)) ^ r' [(Xkfh+(Xkf)2](Zs(x)) 
°^\ 52 / Jo /fcW) + 52 ' J^ f(zAx)) + 6^ 



^1 r [(Xlf)n + (Xlf)2, + {Xlf)u + {Xlf)22]{Zs{x)) ^^ 



2 Jo 



f{Zs{x)) + 6^ 

_i nv(xj), + {xj)2\{zs{x))? ^_^ 

2 Jo (/fcW) + (52)2 

=: hit, x) + hit, x) + h{t, x) + hit, x). 
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Let us first treat Ii{t, x). We write 



'^^^'^^ = Jo fi^MTs^ '^"Jo filMTJ^ '' 



=: In(t,x) + Ii2(t,x). 
For a continuous real function h{t), we write 

/j*(r) := sup h(t). 

te[0,T] 

By Lemma [3^ we have 



,J^A:(r,.Md.) . EjJ^ d^fe.(.))..2 ^^^(^^^ 



< E r r (1 + A1,|Xo|ifcW) + M,|Xo|iaW))y(dx)d* 

Jo Jm 

O r 

< (Kt,XoA + Kt,Xoa) (1 + M,\Xo\i(x))v{dx) 

Jm 

Noticing that 

|(Xo/)2 - (Xo/)2l(x, y) = \x'(d\x, y)) ■ ((Xod2)2 - (Xod\)(x, y)\ 

< W'idHx, y))\ ■ d(x, y) ■ \Xo(y) - Xo(y)\y, 
we similarly have 

E f Il^(T,x)v(dx) < ^E f f \Xo(Ux))-Xo{Ux))\u.)y(dx)ds 
Jm Jo Jm 



< -^ [ IXo-Uvidx). 
o Jm 



For l2(t, x), by BDG's inequality and Lemma 1X61 we have 

[(x,/)i + {x,f)2]{zAx)) 



; [ I*2(T,x)v{dx)< f eI f 
Jm Jm \Jo 



ds\ v(dx)<C, 



where the constant C is independent of 6 and may depend on X^. Similarly, by Lemma [3771 we 



also have 

E ^3 

Jm 



i;{T,x)v{dx) <C. 



Since l4{t, x) is negative, this term can be dropped. Combining the above calculations, we obtain 
the desired estimate. D 

We also recall the following results for later use (cf. [fT6ll ). 

Lemma 4.2. Let Xn{co, x) : Qx M ^> M,n eN be a family of measurable mappings. Suppose 
that for P-almost all co e Q, v o Xnico, ■) '^ v and the density /3n(.co, x) satisfies 

supsupE^„(x)p <Ci. (4.1) 

n xeM 

If for (P X v)-almost all (co, x) e Qx M, x„(a), x) -^ Xo(co, x) as n ^ oo, then for P-almost all 
CO eQ.,v o xq{co, ■) <s: V and the density ^ also satisfies 

supE^Wp <Ci. (4.2) 

xeM 
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Moreover, let {fn)neH be a family of uniformly bounded and measurable functions on M. If fn 
converges to some f in L\M), then 



limE 

H— »00 



J\Jn\^n 
M 



(x)) - f{xo(x)Mdx) = 0. 



(4.3) 



Lemma 4.3. Let T ,T : M ^ M be two measurable transformations. Let ^ be a countable 
and dense subset ofC(M). Let p e L^{M) be a positive measurable function. Assume that for 
any f,g£'^, 

f f(t{x)) ■ g(x)v(dx) = f fix) ■ g(T(x)) ■ p(x)v(dx). 

Jm Jm 

Then T admits a measurable invertible T", i.e., T'^{x) = 'T^x) a.e.. Moreover, 

voT~^=pv, voT = p~\T~^)v. 

Proposition 4.4. Consider SDE UJ]) with Xt e C^{TM), k = 0,\,--- ,m. Let Xt(x) be the 
unique stochastic homeomorphismfiow associated with SDE di.il) . Then 



and 



vox, ^(dx) ~ v(dx), V o Xt{dx) ~ v(dx) 
V o x;\dx) = exp i I di\Xo(x,(x))ds + I db/Xk(x,(x)) o dV^f \ v(dx). 



(4.4) 



Moreover, for any q ^ 1 



vox, \dx) 



and 



v(dx) 



V o Xt(dx) 



v(dx) 



< exp {c,r(||[divXo]lU + lldivX.lli + ||X,divX,|U)) (4.5) 



< exp {Qr(||[divZo]-|U + lldivX.lli + ||X,divX,|U)) . (4.6) 



Proof. We sketch the proof. Let V7„_f be the linearized approximation of W,. Consider the 
following ODE on M: 

dxn,t{x) = Xoix„jix))dt + Xk(Xn,t(x))W^,^tdt- 
It is a well known fact that 

vox;J(dx) = expj I db/XoiXn^,ix))ds + I di\Xk{XnA^)W'^,As\vidx) 

By the limit theorem (cf. ^W^, [[Bl, [[Bl), the desired formula (l44l) then follows. 
Note that 



Jo 



diyXk{x,{x)) o dW', = f diwXk{x,ix))dW', + ^ [ 
Jo ^ Jo 



XkdivXkix,{x))ds 



and 



t ^ expL r divXk(x,(x))dW'^. -jf \diYXkHx,(x))ds 
is an exponential martingale. It is easy to see that (14.51) holds. (14.61) can be proved similarly (cf. 

m)- □ 



We now prove the following result. 



11 



Theorem 4.5. Assume thatX^ 6 H^(rM) n U"{TM)for some p> \ satisfies 

[divXo]- 6 L~(M), 

and for each k = 1,- ■ ■ ,m, Xj^ e C^{TM). Then there exists a unique v-almost everywhere 
stochastic flows {xt{x), x 6 M}t^Q associated with SDE rti.il) in the sense ofDeflnition \2.1\ 

Proof. Let Xq „ e C^iTM) be defined as in (|3.10l) . Let Xn,t{x) solve the following Stratonovich's 
SDE on M: 

dx„j{x) = XQ^„{Xnj{x))dt + Xt(Xnj(x)) O dW^ , Xnfl = X. 

Then x i-^ Xn,t{x), f > defines a stochastic homeomorphism flow over M. Moreover, by 
Proposition 14.41 

(y o Xn,t){dx) = /3n^t{x)v(dx), 
where fin ,{x) satisfies by (|4.6I) and (13.111) . that for any q > I, 



Let us set 



and 



If we choose 



sup sup E\j3„j{x)\'' < +CX3. (4.7) 

neN (/,.r)e[0,T]xM 



^n,m(^) '■= sup d (Xn,t(x),X^j{x)) 

te[0,T] 



,<5 .X . ,..|^n,mW 



<.W:=log K^i^ + l ■ 



3 — Sn^m — \\Xo^n ~ ^O.mlllj 

then by Lemma 1431 and (14.71) . we have 

supE I A^;^;;'(jc)v(djc) < Q. 
Thus, by Chebyshev's inequality, we have for any R > 0, 

E I 0„^^(x)v(dx) = E I 0„,^(x)- l|^<>„„^^^^^jV(dx) + E I 0„,„,(jc) • l|^^„,^(^.j^^|V(dA:) 

(diam(M))2 ■ Co o 

K 

(diam(M))^ -Co ^ „^ ^ 

= + \\Xo,n - ^o.mlh ■ (e - 1) • v(M), 

K 

where diam(M) := sup^^,^n^d(x,y). From this, by Proposition l3.9l we then obtain that 

lim E I sup d^(x„t(x),Xmtix))v(dx) = lim E I ^nm(x)v(dx) = 0. 

Hence, for v-almost all x e M, there exists a continuous (;F,)-adapted process x,(x) such that 

limE I sup d^(xnt(x),xt(x))v(dx) = 0. (4.8) 

By Lemma 14.21 and (14.71) . one finds that Xt{x) satisfies (A) and (B) of Definition 12. 1[ The 
uniqueness is a direct consequence of Lemma l4~n n 
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We are now in a position to give 
Proof of Theorem \2.5\ 

Following the proof of Theorem l4.5[ we only need to check (C) of Definition [ZTJ Fix a T > 
and let 

p„:=expi I divXo,„(x„,,(A:))d5 + I divX^(;c„,,(x)) o dWH . 
By (|4.5I) . we have for any ^ ^ 1, 



supsupE|p„(x)|''' < +00. 
In view of (14.71) and (14.81) . by Lemma 14^21 we have 

lim E I I IdivXo „(a:„ ^,(;c)) - divXo(;Ci(x))|v(dA:)di' = 0, 

"^^ Jo Jm 



(4.9) 



limE 



Jm Jo 



v(djc) = 0. 



(divX,(x„,,(x)) - divX,(x,(x))) o dW^: 

So, there is a subsequence still denoted by n such that for almost all {co, x), 

limp„(a>,jc) = Pt{(x>,x), 

n—>co 

where Pt{x) is defined by (12.21) . By (14.91) and (14.101) . we further have for any q > I, 

lim E I \p„(x) - pT(x)\'W{dx) = 0. 
"^°° Jm 

Now, let yn(x) solve the following SDE 

dyn,ti^) = -^o,»(j«,f(^))d? + Xi(j„,f(^)) o dWj'\ yn\t=o = x, 

where Wj := Wy.^- Wy. As in the proof of Theorem |431 there exists a continuous (!Ff)-adapted 
process yt{x) such that 



(4.10) 



(4.11) 



limE I sup d(yn,t(x)^yt(x)fy(dx) = 0. 
«-^~ Jm te[oj] 



(4.12) 



It is well known that 



Thus, for any f,ge C{M), we have 

I /(j«,r(<^, -«)) • ^(^)v(d.)c) = I /(x) • ^(x„,r((y, ;c)) • p„(a;, x)y(dx), P-a.s. (4.13) 
Jm Jm 

Let ^ be a countable and dense subset of C(A/). By (14^81) . (14.111) and (14.121) . if necessary, 
extracting a subsequence and then taking limits n ^ 00 in L^Q) for both sides of (14.131) . we get 
that for all /, ^ 6 "^ c C{M) and P-almost all coeQ., 



Jm 



fiyrico, x)) ■ g(x)v(dx) 



Jm 



fix) ■ gixrioj, x)) ■ prio), x)vidx). 



(4.14) 



Since ^ is countable, one may find a common null set ^' c ^ such that (14.141) holds for all 
o) i Q.' and f,g e^. Thus, by Lemma 1431 one sees that (C) of Definition 12.11 holds . 
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